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Abstract

Let G be a simply connected nilpotent Lie group with Lie algebra g. Let
g be the dual of g. Let €2 be a locally compact second countable Hausdorff
space with a continuous G action, and let C*(G,§2) be the corresponding
transformation group C* algebra. We construct a continuous surjective map
¢ g* — Prim(C*(G,Q)) which generalizes the Kirillov correspondance
when () is a point. We describe an equivalence relation ~ on g* x €2 and a
map 1, such that ¢ factors through g* x €2/ ~ and is a homeomorphism from
g" x 2 to Prim(C*(G,?)). We also describe a character theory for C*(G, Q)
which generalizes Kirillov character theory for C*(G).

AMS Subject classifications: 46, 47, 22.

Keywords: Transformation group C* algebras, Primitive ideal spaces,

Nilpotent Lie groups, Kirillov Theory
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List of symbols
Prim: Denotes a primitive ideal space
G: Denotes a group, generally nilpotent Lie
g: Denotes the Lie algebra of G.
g*: Denotes the dual space of g
Q: Denotes a locally compact second countable Hausdorff space
Co(£2): Denotes the continuous functions vanishing at infinity on Q2
C.(Q2): Denotes the continous function with compact support on
C*(G,2): Denotes the transformation group C* algebra generated by G and
Q
K(G): Denotes the set of closed subgroups of G
g : Denotes a Lie Algebra, generally nilpotent
K(G): Denotes the set of closed subgroups of G
¢, psi: Denote maps
~, ~1: Denotes equivalence relations
K(G): Denotes the set of closed subgroups of G
~ : Denotes a primitive ideal or representation space
i: Denotes the Haar measure on a group
A: Denotes the modular function on a group
G,: Denotes the stabilizer subgroup of x € G
g.: Denotes the Lie algebra of G,
<: Is used to denote weak containment of representations
g.: Denotes the Lie algebra of G,

Z(A): Denotes the set of closed ideals on a C* algebra A
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Q(G): Denotes the set of subgroup representation pairs
{(H,T)| H e K(G), T € Rep(H)}

Q(G): Denotes the set of subgroup representation pairs

[z, y]: Denotes the Lie bracket of x and y

Q(G): Denotes the set of subgroup representation pairs

p.: Denotes the polarizing subalgrbra of the subalgebra g, with respect to
the action of f € g

ind: Denotes induced representations

S(G): Denotes the Schwartz functions on a nilpotent Lie group G

R: Denotes the real numbers

C: Denotes the complex numbers

N: Denotes the natural numbers

N: Denotes a locally compact space, for the purpose of this paper, N U oo
P: Denotes any polynomial coordinate map ¢ : R” — G

v, a, 3,0: Denote maps from real number spaces to GG; these are made more
clear in the text

v, a, 3,0: Denote maps from real number spaces to GG; these are made more
clear in the text

O(t,2): Denotes the orbit of the functional-point pair (f, ) under the action
of G; this is defined more clearly in the text

Ag.: Denotes a particular subalgebra of S(G) x Cy(2); this is made more

clear in the text
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Introduction

Our primary references for this paper are the beautiful book of Corwin
and Greenleaf [3]; fundamental ideas were provided by Siegfried Echterhoff’s

paper [7], and the original inspiration was Dana Williams’ paper [26].

Let G be a locally compact group acting on a locally compact Haus-
dorff space 2. A basic question of C* theory is an explicit description of
Prim(C*(G,Q)). For G a connected, simply connected nilpotent Lie group
and 2 a point, a description of Prim(C*(G,)) as a set was given in the
classic paper of Kirillov [21] where he showed that the natural map from
g°/G — G was continuous with g* /G in the quotient topology. Kirillov
conjectured that this was a homeomorphism; this was first proved by Brown
[1]. When 2 is not a single point, but G is abelian, a complete description
of Prim(C*(G, ?)), including a natural description of the topology, was pro-
vided by Dana Williams [26]; in [7], for general G, Siegfried Echterhoff gave
a complete description under strong hypotheses for the action.

In this paper we combine the ideas of Williams, Kirillov and Echterhoff to
give a natural description of Prim(C*(G,2)) when G is a connected, simply
connected nilpotent Lie group acting on a locally compact Hausdorff space
2 (subject to certain restrictions on the action).

Recall the basic results of Williams [26]. Let G be abelian and G be its
Pontrjagin dual. Williams produces an equivalence relation ~ on G xQ
and a well-defined natural map ¢ : G x Q — Prim(C*(G,2)) which is a
homeomorphism from G x Q/ ~ to Prim(C*(G,Q)).
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Now let G be a simply connected nilpotent Lie group with Lie algebra g.
Denote by g* the dual space of g.

Kirillov theory and the ideas of Dana Williams and Siegfried Echterhoff
suggest that there should be a natural map from g* x Q2 onto Prim(C*(G, 2)).
Furthermore, there should be an equivalence relation on g* x {2 that subsumes
the equivalence relations of Williams in [26], Echterhoff in [7], as well as the
coadjoint equivalence relation of Kirillov when 2 is a point.

We define an extended Kirillov map ¢ : g* x Q — Prim(C*(G,)), and,
with a mild restriction upon the action, show that ¢ is a continuous open
surjective map when g* x {2 is given the product topology. We further provide
a homeomorphism ) from a quotient space ~ of g* x Q to Prim(C* (G, Q2)).

When C*(G, Q) is Type I, we provide a character theory corresponding to
the Kirillov character theory of G.

This paper is divided into three sections. Section one consists of prelim-
inary results as well as setting notation. In section two we prove the main
results of this paper, (a) an explicit parameterization of Prim(C* (G, Q2)) via
Kirillov theory, and, (b) a computation of the topology of Prim(C*(G, 2)).
In section three, we generalize the Kirillov character formula for C*(G, )
under stronger hypotheses of the action.

This paper constitutes part of the author’s doctoral thesis at the University
of Colorado at Boulder, as well as an abstraction done later. I would like to
thank my advisor, Jeff Fox, for his help. T would also like to extend a word
of thanks to Larry Baggett, Carla Farsi, Arlan Ramsay, and Marty Walter

for helpful discussions. Another word of thanks is extended to Judy Packer,
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my first doctoral advisor prior to Jeff Fox, for her suggestions and words of

encouragement.
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Section 1

Preliminaries

Section 1.1

C* algebras and representation spaces

The purpose of this section is to record some basic facts about represen-

tations of transformation group C* algebras.

Definition 1. Let €2 be a locally compact second countable Hausdorff space.
Denote the space of complex valued functions on {2 vanishing at infinity by
Co(2). Denote by C.(f2) the subspace functions in Cy(2) with compact
support.

Let G be a locally compact group with a jointly continuous action on
), that is, there is a continuous map G x Q — €}, where for r,s € G,
r-(s-x) = (rs)-x, where s -z is the image of (s,x) in Q.

As (G, ) is a locally compact transformation group, we may form the
transformation group C* algebra, denoted C*(G, Q); for a precise treatment
of the details, see [6], [8], [18], [25], and [26]. Let u be a fixed Haar measure on
G. Define the Banach *— algebra L!(G, ) of all Bochner integrable Cy((2)-
valued measurable functions on G with respect to u, with multiplication and

involution defined by

fogls,x) = / F(r2)g(r st - 2)dp(r)

reG

f*(s,:v) = A(S_l)f(s_la st ZE),
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where f,g € L*(G,Co(R2)), s € G, z € Q, A is the modular function on G,
and  denotes complex conjugation.

Denote by C*(G, ) the enveloping C* algebra of the Banach *— algebra
LY(G, Q) under the multiplication and involution as just defined.

When (2 is a single point, the above construction gives the group C'* algebra
of G.

Let C.(G, ) be the dense subalgebra of C*(G, Q) consisting of continous
functions of compact support on G x Q.

Denote by €2/G the orbit space with the quotient topology.

For ¢ € Cy(Q), define ¢ by *¢(z) = ¢(s71 - x).

Denote by K(G) the space of closed subgroups of G, given the compact
Hausdorff topology of Fell [10].

Let x € Q; by G, we denote the stabilizer of x in G. These are assumed
connected.

We assume representations non-degenerate.

Definition 2. A covariant representation L = (V, M) of (G,€2) on a Hilbert
space H consists of a uniformly bounded strongly continuous unitary repre-

sentation V of G on Hp, and a norm-decreasing non-degenerate *-preserving

representation of Co(Q), M on Hp such that V(s)M(¢)V (s™1) = M(°¢).

Theorem 1. A covariant representation L = (V, M) on H gives a repre-

sentation of L*(G,Q), also called L, by

L(F)(€) = / M(f(s, )V ()(E) dua(s) (€ € Hy).

seG
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Let A be a fixed C'* algebra. We use the hull-kernel topology on A\; see
[24], Theorem 5.4.6.

On the set Z(A) of closed ideals of A we use the topology developed by
Dana Williams on pg. 338 [26]; this is the topology that has as its sub-base

the sets {0} where Oy = {I € Z(A) | I 2 J}. On Prim(A) this

JET(A)’
topology restricts to the usual hull-kernel (Jacobson) topology. One can see
that this topology is almost Fell’s “inner hull kernel” topology; see [10].
Definition 3. Let m and p be representations of a locally compact group G.

The representation p is weakly contained in m if every positive definite
matrix coefficient (p(x)¢,&) can be approximated uniformly on compacta of
G by finite sums of positive definite matrix coefficients (w(z)¢’,¢’). For p
weakly contained in 7, we use the notation p < w. The spectrum of 7 is the
set of all representations weakly contained in 7.

Let H C GG be a closed subgroup, and let f; be a nonnegative, real valued

function in C.(G) that does not vanish at the identity element. For the

remainder of this paper, let u,, be the left Haar measure on H defined by

/H folt)d, (1) = 1.

Such a choice is referred to as a continuous (“smooth”) choice of Haar mea-
sures, and has the property that H — [ o fdu,, is continuous on KC(G) for
each f € C.(G); see [15], page 908.

Lemma 1. Assume {f,}22,; C C.(G) converges to f € C.(G) in the induc-

tiwe limit topology and H,, — H in K(G). Then
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/ fndpy, —>/ fdpy-
H, H

Definition 4. Assume that {K,}>2, is a sequence in K(G), with K,, —» K
in K(G). Let {p,}52,, each p,, defined on K, be a sequence of represen-
tations. We define a topology in which {p,}52, is allowed to approach a
representation p defined on K as K,, approaches K in the topology of closed
subgroups [10]. For more, see [13]. Define by Q(G) the set of all subgroup
representation pairs of G, where (H,T) is such a pair if H € K(G) and

T € Rep(H). We present a topology upon this space.

Lemma 2. Let {(K;,T;)} be a net of elements of Q(G) and (K,T) an ele-
ment of Q(G). Then (K;,T;) — (K, T) if and only if, for each finite sequence
@1, , O of functions of positive type on K associated with (K, T), and each
subnet of {(K;,T;)}, there exists (i) a subnet {{K",T")} of that subnet, and
(ii) for each j and each v =1,--- ,n a finite sum ¢J. of functions of positive

type associated with (K", T'7) such that ¢. — ¢, in Es(G) for each r.
Proof.

See [13] Theorem 3.1°, page 439. [

Section 1.2
Nilpotent Lie algebras and groups, and their representation spaces

The purpose of this section is to give some basic information about nilpo-

tent Lie algebras and groups that will be needed for this paper.

Let GG denote a Lie group and g its Lie algebra.
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Definition 5. The adjoint representation, ad of g on g is defined as ad,. :
g — gl(g) by ad,(y) = [z,y], for all y € g (here [-,-] denotes Lie bracket on
9)-

Definition 6. The Lie algebra g is said to be nilpotent if ad, is a nilpotent
endomorphism of g, for all x € g.

The Lie group G is nilpotent if g is nilpotent.

Now we briefly describe the representation theory of the nilpotent Lie
groups that we use. We follow the notation of Corwin and Greenleaf [3] and

use it as our main reference.

Definition 7. Let G be a connected, simply-connected nilpotent Lie
group. Denote the dual space of g by g*.

G acts on g* by the coadjoint map, Ad*: for x € G, Y € g, and f € g*,
define (Ad*(2)f)(Y) = f(Ad(z~1)Y), Y eg, feg*, 2€G.

If f € g*. Define the coadjoint orbit of f in g* to be Ad*(G)f.

Let f € g*. A subspace p C g is called isotropic if f|, = 0. Let p be a
maximally isotropic subspace of g which is also a subalgebra, then p is called
a polarization, or a maximal subordinate subalgebra for f.

For any My, Mo € g, we have:
exp(Mi)-exp(Ma) = exp (M + My + 5[ My, Ma] + 5[My, [My, Ms]] + higher order terms) |

We have:

Lemma 3. Let p be a polarizing subalgebra of g for f € g*. Define a one-

dimensional representation xs.p of P = exp(p) by xs.p(eap(X)) = e f(X).

We may induce the representation x s p from P to a representation 7y p
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of G; for details on induced representations, see [22] and [23].
Give g* /G the quotient topology and G the hull-kernel topology. By [21]
and [1] we have the following very important theorem:
Theorem 2.

(1) Let f € g*, and p be a polarizing subalgebra for f. Let m¢ p = ind%(xs.p)-
The representation s p is irreducible, and up to equivalence, every irre-

ducible representation of G is obtained this way.

(1) We have myp =y pr <= 3 g € G such that Ad*(g)f = f.

(8) The induced map (the Kirillov map) g* /Ad*(G) — G is a homeomorphism.

We often abbreviate 7y p as 7y when no confusion arises.

Let G be a nilpotent Lie group, S a closed connected subgroup, having Lie
algebras g and s, repectively. Define s+ to be the set of linear functionals in

g* that are zero on s, i.e., 5= = {f' € g* | f]s = 0}.

Lemma 4. Let G be a simply connected nilpotent Lie group, S a closed
connected subgroup; assume f € g* satisfies f([s,s]) = 0 so x,(exp(Y)) =
e"TY) s a one dimensional representation of S. The representation W =
indg (x,) weakly contains {7rf, ceG|fef + s}, in fact, Sp(W) =
Fell-closure({my € G | flef+st}).

Proof.
A proof may be found in in [4], Theorem N.2.5.

The following result was proven by Joy [19]. Let H be a subgroup of G.
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Let o be an irreducible representation of H, and f € h* be associated to o

by the Kirillov map. Denote by Q, the orbit of f|; under Ad*(H).

Lemma 5. Let G be a real, connected, simply connected nilpotent Lie group.
Let (H,,T,) — (H,T) in Q(G). If f € g* such that f|y € Qrp, then, for
every subsequence of {(Hy,T,)}0%, there is a subsequence {(Hy,,,Ty,)}52,
such that for each i, there exists f; € g* such that f@|hn, € Qr, and f; — f

mgr.

Section 1.4
Induced representations and ideals of C*(G, Q)
Let G be a group, acting on a locally compact Hausdorff space 2.

Let z € Q and G, = {g € G | gr = 2} be the stability subgroup of x. Let
pz : Co(2) — C be the representation of Cy(2) given by evaluation at x; for
¢ € Co(2), pa(¢) = d().

Let 7 be a representation of G, on the Hilbert space H.. The pair (7, p,)
forms a covariant pair for C*(G,,€2) with the representation of C*(G,, )
defined as follows: for v € H,, ¢ € Cy(2), z € Q, g € G, define p,(¢)(v) =
¢(z) - v.

We may induce the representation (7,p,) from C*(G., Q) to C*(G,Q).
Let g € H,. Define the induced representation of (7, p,) to be L = (V, M),
where V' = ind& (7), and M is a representation of Co(2) on Hy, act-
ing by M(¢)(g)(r) = ¥(r - x)f(r). We use the notation L = (V,M) =

. (G0
deS‘,Q)) (T, pz)-
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We now present a different, equivalent way, to induce representations of
Cc*(G,Q).

Assume H is a closed subgroup of G.

Assume that we have the C* algebra C*(G, (), and that 7 is a represen-
tation of C*(H, 2) acting on the Hilbert space H,. Let £ and n be arbitrary

vectors in H,. Define the induced representation, L = indgg’g))(w) as follows:

Let B = C.(H,), and define a C.(H, Q)-valued inner product on C.(G, )

as follows:

1) (.0 (ty) = / (5.5 9)g(st, s - y)dug (s).

seG

Define an inner product on C.(G,Q) ® H, by

2) (fo&gon, = (m(g, f)s)&n)r

Let Hy, be the completion of C.(G,Q) ® H,.
The induced representation L of h € C*(G, ) acts on the class of f ® &

by (h* f) ®&; see [18], page 204, or [26], page 340.

Proposition 1. Let G be a group acting on a locally compact Hausdorff
space ). Fiz a point x € Q). Let T a representation of G, and p, be a point
evaluation of Q. If T s irreducible, then the induced representation L =

indggf?z)(ﬂ pz), of C*(G,R), is an irreducible representation of C*(G, ).

Proof.

See [26], Proposition 4.2 on pg. 344. O
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Definition 8. Let L = (V, M) be a representation of (H,{2), s € G. Let K =
sHs™ !, and let L® = (V,M)* = (V*, M*) be the covariant representation of

(K, Q) given by Vi(r) = V(s 1rs),and M*(¢) = M(5¢).

The following has second-countability as a hypothesis, true in our case.

Theorem 3. If S = mdég’g))(v, M) and T = zndgf(%))((ﬂf, N)), then S =T

if and only if for some s € G, we have T = deSGK?_l Q)((V, M)?®).

Proof.
See [15], Theorem 2.1. [

We shortly prove an important proposition that enables us to separate
certain kernels of C*(G, §2). Several definitions are needed; these definitions

will be used for the remainder of this paper.

Definition 9. For z € Q, f € g*, G, will denote the stabilizer of x in G}
p. will denote a polarizing subalgebra of g, for f. Denote by p an isotropic

subalgebra, not necessarily polarizing. Also define

Xt.p, to be the character of P, = exp(p..) given by x.p, (exp(X)) = (%)

T = indg;” (xf,p,), an irreducible representation of G.

The following equivalence relation ~; was motivated by D. Williams [26],

and reduces to his when G is abelian.

Definition 10. Define an equivalence relation ~; on g* x € as follows:
(f,z) ~1 (f',2") when:
(1) There exists s € G such that ' = s - .
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(2) For some h € gL, we have Ad*(s)f = f' + h.

We write Oy 4 for the equivalence class of (f, ).

Now we define a second quotient space ~ on g*xQ by Oy .y ~ O,y

O(t,2) = O(h,y)- This is denoted g* x Q/ ~.

Let (V, M) be a covariant pair for (G, Q). If M is given by a point evalu-
ation p, of a point = € Q, i.e., if for ¢ € Cy(Q2) we have M (¢)(r) = ¢(r - x),
we often write (V) p,) for (V, M).

Proposition 2 which follows does not depend upon G being a nilpotent Lie
group. It has been proven by Takesaki ([25], Theorem 7.2) when our orbit
space /G has a Tj topology. It was proven in generality by Phil Green [18],

pg. 210 Proposition 11, Part (ii). We present a different proof for our case.

As ) is assumed separable, it is metrizable by [20], page 146 and Theorem
16, page 125. Hence € is T}y, and the Tietze Extension Theorem be applied

to €; this is needed to prove the next lemma.

Lemma 6. Let z € Q, G, = the stabilizer of x in G. Let C C G/G,
be compact in G/Gy. If f € C.(G/Gy) is supported on C, we may find a

sequence of continuous functions in Cc () which converge pointwise to

f(s) wheny=s-z, yeC- -z

fn(y)_>h':
0 yé¢C-ux.

Proposition 2. Let C*(G, ) be any locally compact transformation group

C* algebra. Let x € ), and let 7 and o be two representations of G, such
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that (11, p) and (72, pz) do not have the same kernel as representations of
C*(Gy, Q). Defining Ly = indgg;%)(ﬁ,pw) and Ly = indggf?z)(m,pm), we
have ker(Ly) # ker(Ls).

Proof.

Define a new C* algebra, C*(G,G/G,). Our orbit space (G/G,)/G for
C*(G,G/Gy,) is a Ty space; it consists of one point. Hence by Theorem 3.3
[16], C*(G,G/G,) is Type I, and there is canonical homeomorphism between
C’*(G/,G\Y/Gw) and Prim(C*(G,G/Gy)).

Identify z € Q with 2’ = e € G/G, in the new orbit space. Observe

that G, = G,. Use the same representations 7 and 75 of G,/. Define
L) = indggﬁg;/‘gz),(ﬁ,Mx/) and L} = indggﬁgjﬁm)(Tg,MI/), two irre-

ducible representations of C* (G, G/G,); these have different kernels by Take-
saki [25] Theorem 7.2.

Assume for ¢ = 1,2 that &, is a vector in the space of 7,. The representation
(1,, M) of C*(G,,G/G,) we refer to as ;.

As ker(L}) #ker(L}), find an b’ € C*(G,G/G,) with b’ € ker(L}) and
h' ¢ ker(LY).

Assume that for some elementary tensor f/ ® ¢, that La(h')(f' ® &,) # 0.
Further assume that f’ is in the dense subset of continuous functions with
compact support having the form f/(s,y) = 2221 f1.:(8)f5.:(y)-

Assume that f’ and its component functions are collectively supported on
C1 x Cq, where (' is compact in G and C5 is compact in G/G,.

Refer to all inner products of C*(G,G/Gy) as (- -)'.
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Assume by scaling arguments that (b’ * f' ® £, f' ® &)’ = 0, and
W f @t [ og), =1

Assume {h}}>2, C C.(G,G/G,.), and h], — h' in the topology of
C*(G,G/G,). Assume each h!, has the form R/ (s,y) = Zivz’*l b (8)n, 4(y),
and each is supported on C7 x C%, each C7 compact in G and each C¥
compact in G/G,.

For each n, hl, * f' is a continuous function of compact support; see [8],
pp- 32-33 for a proof.

We have:
(hpx @&, @), —0

(hyy x ['@&,, f®&), — 1.

Now return to C*(G, Q). All inner products in this C* algebra we refer to

Let
. (G0
Ll = 1nd§Gz7§)2) (Tl, pm),
and
. (G0
Ly = lndEGbS)))(Tg, Px)-
Use Lemma 6 to define a collection of functions {{hn,j}ffj:p {fj};?‘;l} in

C.(G,Q). Define f;(s,y) by

l
fi(s,y) = Z f1,i(8) f2,4,5(y),
i=1
each f1; = f{’i; we do not change these functions. Choose fo; ; to satisfy
faij(s-w) = f5,(s-2'), s0 fa;; “behaves the same as f5,” on the set Cs -,

extend to all 2, and require
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foi(s-a’) wheny =s-2, s€Cy

fai45(y) —
I 0 otherwise,
Note:
f'(s,s-2') wheny=s-2, s€Cy
hm fj(svy) =
e 0 otherwise,

Similarly define sequences {h,, ;};°;_; with (for each fixed n)

h! (s,s-x') wheny=s-2, s€Cy
hn,j (Sa y) I
Jee 0 otherwise.
For each n and all j (fixed n), assume that the functions f; and h,, ; have
support contained in the set ST x S5, ST compact in GG, and Sy compact in

Q). For each fixed n, choose them uniformly bounded for all j.

Re-write our old calculations with these new functions, and follow the
same steps in the C* algebra C*(G, Q) with these new functions.

“Untwisting” the integral (see formulas (1) and (2)), note that it is in s
over a compact set.

Apply the Bounded Convergence Theorem to the integral. These functions
are converging in j, and for each n, have been choosen in a bounded fashion
with compact support, hence are bounded above by an integrable function.
Mixing inner products in the next formula, for each fixed n, limiting 7 — oo,

we have:

(hp = f@ & ®E), (i=1)

<hn,j*fj®§i’fj®§i>i - / !
(W @&, f@&,), (i=2).
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We remind the reader that these inner products are in the C* algebra
C*(G,G/Gy,).

Assume (fixed n) that for all j > n
1
‘<hn,j *fj®€17fj®£1>1 - <h;z*f/®€1vf,®£1>ll‘ < E

(o * 03 © &, i © €y — 4 ' @6, F @ EY,] <

Choose the diagonal sequence {h; ;}32; and the sequence {f;}52; in the
above a sequences, and for i = 1 the sequence converges to 0, for ¢ = 2 it
converges to 1. As & was arbitrary, we have Lq(h; ;) — 0 and La(h; ;) /0,

showing that L, and Lo cannot have the same kernel. []

Corollary 1. Assume the pairs (fi,2) and (f2,2) give rise to irreducible
representations (71, p,) and (72, p;) of C*(G,, Q). These induce to equivalent
irreducible representations of C*(G, 2) if and only if 71 and 75 are the equiv-
alent irreducible representations of G,. This says that (f1,z) and (f2,z) are
in the same equivalence class mod ~1, and fi|g, and fa|, are in the same

G, orbit in g} ; see Definition 10.

For the remainder of this section we use Siegfried Echterhoff [7] as our

main reference.

Definition 11. Let G be our connected, simply-connected nilpotent Lie
group, and let KC(G) be the space of closed subgroups of G. Let A/ be a locally
compact space. Assume H : N +— K(G) and H(i) = H; is a continuous map
from N to K(G). Define:

N ={(i,2) e N x G | z € H;}
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In this paper, we use N' = N U oo, the one-point compactification of the

natural numbers.
The following results are from [7].

Definition 12.
Now let G again be a nilpotent Lie group and (G, 2) denote a covariant
system. We make the space C.(NH,Cy(£2)) into a normed *- algebra. Define

multiplication, involution, and norms by

7

fwwmz/fmwmf%meA@

SEH@
fr,t,x) = f(i,t7 71 x)

£l =sup [ sup [7(i.5.2)/du, (5
iEN z€)
seH;

for f,g € Co.(NH,Cy(Q)).

Definition 13. Denote by L (N, Cy(£2)) the completion of C.(NH, Cy())
with respect to the above norm. Any covariant representation 7 of the system

(H;,Co(K;,Co(€2))) defines a * - representation of L*(NH,Cy(€2)) by

Definition 14. The representation space

R(C*NT,Co(Q))) = {(i,p) | i € N, p € Rep(H;,Co(Q))}
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with the relative topology of Rep(C*(NE,Cy(Q))) is the subgroup represen-
tation space of C*(NE Cy(2)).

Let C*(NH Cy(Q)) be the enveloping C* algebra of L'(NH Cy(£2)) We
call C*(NH Cy(2)) the subgroup algebra of (N, Cy(Q)).

A standard technique in nilpotent harmonic analysis is induction from
codimension one subgroups. The next proposition extends this idea from

the above-defined algebras to our transformation group C* algebras.

Proposition 3. Let G be a nilpotent Lie group acting upon the locally com-
pact Hausdorff space 2.

(1) Assume we have two continuous maps, k(n) and h(n), from N = NU oo
to K(G). Also assume that for all n, h(n) = H, is codimension 1 in
k(n) = K,.

(2) Assume we have a collection of representations {{(i,7;)} | i € N'} in the
space R(C*(NE,Cy(Q))), and, for eachi € N, 7; is induced from (H;, ).
Assume for each i € N that 7; is irreducible on C*(K;,Q2), and that each
m; corresponds to a functional-point pair (f;, z;).

(3) Assume in the space R(C*(NE,Co(Q))) that (i,7;) — (00, Tso)-
Then,

(1) By passing to a subsequence, we may choose a collection {o;};—,, with
each o; being an irreducible representation of C*(H;, ), and 0, an irre-
ducible representation of (Hu,(Y), these representations satisfying:

ker(m;) = ker(mdggj,’g;(m)),
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Too < Ind(y™ ) (000), and (i,07) — (00,000) in R(C*(NH, Co(02))).

(2) For each i, the functional-point pairs (Definition 10) corresponding to o;

may be chosen in the same equivalence class mod ~1 as (f;, x;).
Proof.

By assumption, for each i € N, 7; is induced from (H;, §2), so assume that
= 1ndggg§ (07). By Corollary 1, we may assume that the functional-point
pairs (Definition 10) corresponding to o; are the same as those corresponding
to ;.

The restriction map R(C*(NE,Cy(Q))) — R(C*(NH,Cy(£2))) is contin-

uous (Proposition 7 of [7]), so we have:

(@ 7l (r:,0)) == (00, (b1, 0))-

Note H (i) is normal in K (i) ([3], Lemma 1.1.8). By [26], Proposition 7 on
pg. 70, for each 7, the restricted representation is equivalent to the following

direct integral:

2]

il =G [ ot ).

s€eK;/H;
Prior to finishing the proof we present several facts particular to con-

nected, simply connected nilpotent Lie groups. We observe that our group
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representations are not generally irreducible, but are induced from irreducible
representations of subgroups, hence are direct integrals of irreducibles, as are

their restrictions to subgroups.

Fact 1: Let m = 7y be an infinite-dimensional irreducible representation
of G. Let Gy be a codimension one subgroup of G, and let fo = flq, the
restriction of f to go. Let my = my, be the irreducible representation of Gg
associated by Kirillov theory to fy on go.

By [3], Theorem 2.5.3, the representation 7|q, is either a representation

that induces directly to m, or is the following direct integral:

and ™ = indgO (7).

Let o = indgO (o). We have one of the following:
a) o =
b) o = oo - .

Fact 2: Recall Lemma 2.4 on pg. 338 of [26]:

Lemma. Let A be a C* algebra. Let {I,}aca be a net of ideals of A,
converging to 1. Assume that each I, is the intersection of a set of primitive
ideals F, € K(Prim(A)), and F' corresponds to I. Then, given any P O F,
there is a subnet of primitive ideals of A, {Ig}pen, such that there are

Pg € Fg, with {Pg}gen converging to P in Prim(A).

Now we return to the proof of our proposition.

Note that 7, may be one-dimensional, hence not induced from H ..
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By the first of the above two facts, choose an irreducible representation

oL, of C*(Hy, ) with o < Teo|(m..,0) and T < indg:’gg(a(’)o).
We may assume that the functional-point pair for ¢ is in the same ~;
class as that of 7.

By an application of the second fact above, we may pass to a subsequence,

and choose {(n,0/,)}°%, with (n,0l,) — (n,0.).
By an application of Theorem 3 and Corollary 1, for all n € N, we have

o) = g5 for some s, € H,. So the functional-point pairs associated to o,

and o}, are in the same equivalence class mod ~;. O

Lemma 7. Assume that G is a nilpotent Lie group acting on a locally com-
pact Hausdorff space 2.

Assume we have a continuous map h(i) = H; from N = NU oo to K(Q)
with h(i) = H;, and H; — H.

Assume we have a collection of one-dimensional representations {{771 | i€
N1}, m € Rep(C*(H;,RY)), each m; = (xf,, Ma,).

Assume in the space R(C*(NH,Cy(Q))) that (i,7;) — (00, o).

Then:
(a) z, — x, and
(b) by passing to a subsequence, we may choose another collection { f!}32, with
Xfl = Xf-
Furthermore, for each i € N, (f!,x;) may be chosen in the same ~1 class
of g x Q as (fi,z;).

Proof.
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For any ¢ € C.(G) and v € C.(Q), we may consider ¢-1p € C*(NH Cy(Q))
by setting (¢ - ¥)(i) = ¢

i, - Y. By hypothesis,

ri(@la, ) = (a2) / 6(5)x 1, ()dpazr, (5)

SEHZ‘

— @) [ 05 (5)dun(s) = o0l - ).

s€H
Let e denote the identity element of the group. By the continuity of Res’»,
the the restriction map from R(C*(N,Cy(R2))) to Q, (Proposition 7 of [7]),
we have for ¢ € Co(2), Rest»(m;)(¢) = é(x;), and ¢(z;) — ¢(x) for all
¢ € Cp(Q); consequently z; — .
Choose 1) identical one in a neighborhood of x € €). In Fell’s subgroup-pair

topology [12] we have:

<Xfi7Hi> - <Xf7 Hoo>

Pass to a subsequence, and use Lemma 5 to find a sequence {f/}°, C g*
with X(r/1.) = X(fila,) a0d f{ — feo in g* and by Lemma 5, each f] is in
the same H;-orbit as f; and (f/,x;) is in the same ~ equivalence class of

g x Q. O

Now for our “big” lemma, which is very important in the next section.

Lemma 8. Assume that we have a collection {{Pi,};’il,P} of primitive

ideals of C*(G, ), with

P; = ker(L;) = ker(mdggf?m(@i’mi ,M,.))

— P =ker(L) = ker(mdggf&)(mz,pm)).
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By passing to a subsequence we may choose:

with

ker(L;) = ker(mdggf}m (7 0 My)

and

ker(L) = ker(indggf’)m (147, My)).

Furthermore, the functional-point pairs (f!,y;) corresponding to T, may be
chosen in the same ~1 equivalence class as (f;,x;), and (f',y) in the same

~1 equivalence class as (f,x).
Proof.

By Lemma 4.5 of [26] we may assume that z; — x and that the ~q
equivalence classed don’t change.

If an infinite subsequence of {L;}2, consists of one-dimensional represen-
tations, we may use Lemma 7.

If no infinite subsequence of {L;}?2, consists of one-dimensional repre-
sentations, we may assume that each is induced from a codimension one
subgroup H;. We pass to a subsequence, and assume that for the sequence
{pi}52, of polarizing subalgebras, we have dim(p;) constant.

By compactness of K(G), we may pass to a subsequence and assume that

Gy, — S € G, and p; — p, where p may not be polarizing for the action
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of f on g,. Assume that a representation at least weakly containing L is
induced from (H, ).

We may use Proposition 3 to succesively reduce our problem by one di-
mension, until we do have a sequence of one-dimensional representations,

and Lemma 7 may be applied to these. [
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Section 3
The Topology on Prim(C*(G,))

Lemma 9. Let x € ), f € g* be given.
Let p, be polarizing for the restriction of f to g., and let p be isotropic (not
necessarily polarizing) for the restriction of f in g,. Then L' = (V' M) =

mdg,’g))(vap, x) weakly contains L = (V, M) = indggjg)(xﬂpz ,T).

Proof.

Let x ¢ p be the character of P determined by f, and let x ¢ p, be the corre-
sponding character of P,. By Lemma 4, on the level of stabilizer subgroups,
we have indggj”g)) (Xf.P,»Pz) < indggz?)(x #,P,Pz)- As induction preserves

weak containment (Proposition 9, [18]), the conclusion is clear from this and

“induction in stages”; see Proposition 8, pg. 207 of [18]. O

Definition 15. Define ¢ : g* x Q +— Prim(C*(G,Q)) by

6(f,x) = ker(ind{¢) (712 pa)-

Lemma 10. ¢ is continuous in the product topology of g* x €.
Proof.

Assume in the product topology of g* x Q that (f,,x,) — (f,z). Denote

oo
n—1; we assume that G, —

the sequence of stability subgroups as {G,, }
S CG,.

Let {p,} -, denote the sequence of polarizing subalgebras of g, for the

sequence of functionals {f,} ~ . As f, — f, we may assume that p,, — p,
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where p may be of lower dimension than a polarizing subalgebra p, of g, for
ire

Denote by g the restricted functional f|,. Denote by o the representation
of C*(P,Q) given by the obvious character x, of P and a point evaluation
po of Q.

For each n denote by m, the representation of C*(P,, ,2) given by the
pair (xy,, M, ), and by 7 the representation of C*(P,,2) given by the pair

(XfsPz)-

Define L, = indgg;?g)(wn), an irreducible representation of C*(G, ),
and L = indggf})l) (p), also an irreducible representation of C*(G, ).

Let L' = indggy’g))(a) be induced from C*(P,Q); this may not be irre-
ducible.

Amending Echterhoff [7], Proposition 6 on pg. 69 slightly for our purposes,
we have:

Let (G,9) be a covariant system, N be the locally compact space N U oo,
and P(n) = p,, = P, be a continuous map with P(n) = p, — p = P(c0) in

K(G). Then the map

Ind§ : R(C*(NP,Q)) v CHGL Q)5 (n,m) = (n, ind\g ), ()

18 continuous.

Using this, we have L,, — L', but as L < L' (Lemma 9), we are done. [J

The same techniques will yield a simpler proof of [26], Lemma 4.9.

Definition 16. We say that C*(G, Q) is EH regular if:
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(1) C*(G,Q) is quasi-regular,
(2) for every P € Prim(C*(G,)), there is an z € Q and an irreducible rep-

resentation 7 of G, such that P = ker(indggf}gz)(ﬂ Pz))-

This has been established in our case by Jon Rosenberg and Elliot Goot-
man [17].

Remember our equivalence relation g* x 2/ ~, as well as the equivalence

class O 5 of (f,x) in g* x §; see Definition 10.

Definition 17. Define ¢ : g* x Q/ ~ — Prim(C*(G,Q)) by ¥(f,z) =

ker(indggfgz) (T#,2, pz). We show that v factors through ~ in the next lemma.
Lemma 11. The map ¢ is one-to-one onto on g* x 1/ ~.

Proof.

Onto is clear by EH regularity; we show that v is 1-1.

When O,y = Oy, that the primitive ideals defined by (f, x) and (h,y)
are the same follows from the continuity of the map ¢ (Lemma 10) and the
fact that primitive ideal spaces are Tj.

Now assume that ¢(f,z) = ¥ (h,y).

As G-z =G -y, by Lemma 4.5 [26], we may find a sequence {g,,}°<; C G
such that g, -z — y.

Define g5, - (f,2) = (Ad"(gn)f, gn - @).

We have: ¥(g, - (f,z)) = ¥(f,x), and the sequence ¥ (g, - (f,x)) always

remains in the ~; equivalence class of (f,z), and ¥(g, - (f,x)) = ¥(h,y).

If a subsequence of the sequence (g, - (f,z)) consists of kernels of one-

dimensional representations of C*(G,{2), we may use Lemma 7 to get an
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equivalent sequence (f,,x,) converging to (h,y) with each (f,,z,) still in

the equivalence class of (f,z).

Thus we may assume there is no subsequence of one-dimensional represen-
tations.
Note that {¢(gn - (fn,Tn)},—, is a constant sequence of ideals equal to

Y(h,y).

In Lemma 8 we showed that if we had a collection of primitive ideals,

{{P,,}52,, P} of C*(G,Q), with

P, = ker(ind(G’Q)

(Gwn,Q)(Tfny-'En , M, )) — P = ker(ind(G’Q) (TasPz))s

(G=,02)

that, passing to a subsequence, we could choose:

{yn}zozl g Q2 and {fvlL};.Lozl g g*a with Yn — Y € Qa f?ll - flv

. . (G0 . (G,
with P, = ker(deGyn),Q) (Tﬁwyn , M, ))and P = ker(lndEGy’gz)(Tf/, M,)). We
may also choose the functional-point pairs corresponding to 7,, and 7/ in the
same ~7 equivalence class as those corresponding to m,.

Thus by choosing appropriate functional-point pairs in the equivalence

class of (f,z) we may realize (h,y) as a subsequential limit, and the equiva-

lence class closures are equal. [

Now to characterize the primitive ideal space of C*(G, 2).

Theorem 4. The map ¢ is a homeomorphism from g* x Q/ ~ to

Prim(C*(G,Q)).

Proof.
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We follow the philosophy of Dana Williams’ Theorem 5.3 of [26].

We have the diagram:

gt xQ
K
9" xQ/~ N Prim(C*(G, 2))

As ¢ (Lemma 10) and the natural map g of g* x Q to g* x Q/ ~ are
continuous, v is continuous. By the last lemma ) is 1-1 onto.

Let F' be closed in g* x €2 and saturated with respect to ~. We show that
Y (F) is closed in Prim(C* (G, Q)).

Assume {P,}>2, C ¢(F) and P,, — P. By EH regularity, assume that
P, =ker(L,) = ker(indggﬁ)ym(qun , M, ).

Pass to a subsequence, apply Lemma 8 to choose {f/, }52; C g*, {yn}>2, C

Q, with f/, — f, y, — x, and

ker(Ly,) = ker(ind(¢, ™o (7, M,,)).

As (fl,yn) — (f,x) in g* xQ, and F' is saturated and closed, we are done. [J
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Section 4
Traces of irreducible representations of C*(G, )

We give a character theory for C*(G, Q) with G nilpotent Lie, analogous to
Kirillov’s character theory. Our primary reference is Corwin and Greenleaf

[3].

Section 4.1

Schwartz functions on G

Definition 18. On R”, the Schwartz functions S(R™) are those C*° func-
tions f such that

o \™" 9\
09Dl < 00, ¥ =, D= () (51

Oy Oz,

for all multi-indices o, 3 € Z. The natural topology of S(R™) is determined
by these seminorms. Denote the polynomial coefficient differential operators
on R™ by P(R™), and let L € P be arbitrary. We have f € S(R") <=
IL(f)]|oo < oo for all L € P(R™).

On G, define §(G), the Schwartz functions on G, to be the functions on

G corresponding to P(R™) under a polynomial coordinate map ¢ : R” — G.

Section 4.2
Traces on C*(G)

We remind the reader some operators on GG which are analogues of classical

trace operators on finite and compact groups.
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For 7 a unitary infinite-dimensional irreducible representation of a nilpo-
tent Lie group G, the operators 7(x) have no trace. However, for any m € é,
there is a tempered distribution 6, on G that plays the role of the clas-
sical trace character 0,(g) = Tr(m(g)) for finite and compact groups. For

m € §S(G), the operator

T = [ seIm)Eduats) (€€ H)

seG

is trace class with a Schwartz kernel Ky; see [3], Theorem 4.2.1.

Definition 19. We may obtain explicit formulas for the kernel integral K,
once an f € g*, a polarization p, and a weak Malcev basis ([3], Theorem
1.1.13, pg. 10) through p are specified. Let P = exp(p); assume dim(g/p) =
k. If {X4,...,X,} is the weak Malcev basis, let p = n — k = dim(p). Define

polynomial maps 7 : R” +— G, a:RP — P, 3:R¥— G/P by
(s, t) = exp(s1X1) - - - exp(spXp) - exp(t1Xp+1) - - - exp(trXy)

a(s) =7(s,0), B(t) =(0,1).

Let dug, dp,,, dpg,,, be the invariant measures on G, M, G/M deter-
mined by Lebesgue measures dsdt,ds, dt, as in Theorems 1.2.10, 1.2.12 and
1.2.13 of [3].

We describe Tr(m(¢)) in terms of integrals over coadjoint orbits in g*.
Given a FEuclidean measure dX on g, normalize measures on g and g* so
that Fourier inversion holds, and define the Fuclidean Fourier transforms h

(resp. Fh) of functions h on G (resp. g), as in [3], pg 137.
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Each coadjoint orbit O, = Ad*(G)f has an invariant measure p that is

unique up to scalar multiple, as O, = R /G, where R, = Stab (f) = {z €
G| Ad*(z)f = f}.

Theorem 5. If 7 is an irreducible representation of a nilpotent Lie group,
corresponding to the co-adjoint orbit Oy = Ad*(G)f C g*, there is a unique

choice of invariant measure p on Oy such that
1in(é) = [ GFInslds) for all 6 € S(G),

feg*

with the integral absolutely convergent.
Proof.
See [3], Theorem 4.2.4. [
Section 4.3
Traces of irreducible representations of C*(G,2)

Here we characterize some operators on C*(G,€2) which are trace class.
Assume G is a connected, simply connected nilpotent Lie group with Lie

algebra g.

The proof of the next follows by the same logic as Proposition 4.2.2 of [3],

observing that we use right actions.

Proposition 4. Let ¢ € S(G), ¥ € Cy(R). Let L = (V,M) be an irre-
ducible representation of C*(G,Q) corresponding to (f,z) € g* x Q. Let

k = dim(g/p), where p is polarizing for the action of f in g,. Assume the
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Hilbert space of L is L*(R¥). For ¢ € Co(Q) and ¢ € S(G), then L(¢ - 1)
has kernel K,

K(r,s) = (eap(r) - ) / S(B(r)tA(s) 1) e T8 gy (1)

teP

Definition 20
Let H be a Hilbert space; we assume that H = L?(R¥). For a function
¥ € Co(R¥), the multiplication operator on H defined by v we denote by

My,

Lemma 12. Let p be an irreducible representation of a subgroup H of G,
corresponding to the restriction of a functional f € g* to . Defining m =
ind% (p), we have that the the operator Ty s = My - w(¢) is trace class with

a Schwartz kernel when ¢ € S(G/H) and ¢ € S(G). Also, for fixed 1, Ty ¢

18 tempered in ¢@.
Proof.

We do this by induction on the codimension of H in G. If codim(H) = 0,
this is true by [3], Theorem 4.2.1.

Assume the lemma true for codim(H) = n.

By [3], Theorem 1.1.3 we find a subgroup G; C G with codim(G;) =1
and H C GG;. The subgroup H is codimension n in GG, and G is normal in
G by [3], Lemma 1.1.8.

Assume the Lie algebra of G is g1. Let g = g1 ® (R — span{X}); we have

a smooth cross section for G/G; by exp(R - X) = R.
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Define 7 = ind% (p), acting on the Hilbert space H,.

Assume 7 = ind% (p) = indg1 (1) acts on the Hilbert space H, = L*(R) ®
H,.

Let a € G/Gy, f € C™®(H;). By f(a) we denote the element of H;
corresponding to f(a). For z € Gy, by f(a)(z) we refer to the value of the
H,-valued function f(a) in H, at the point z in G;.

Let ¢1 € S(G/G1), ¢p2 € S(G1), 1 € S(G/G1), and ¢2 € S(G1/H). Note
that sums of elements of the form ¢4 - ¢2 are dense in S(G), and sums of the
form vy - 19 are dense in S(G/H).

Let r € G/G;y. Let f € C°(H,). We have
(M1 6000 = Mo [ [ ar(s)a(m(e)n(t)s(r)sat =

s€G/G teGy

Myr [ [ 6r9000n() (¢ st =

s€EG/G; teG

(Note that r~tr € G by normality)

Moir [ [ @r0)0a(00m(s)r ) (1) s dt =

s€EG/G; teG

My, s / / b1(8)po ()T (rLsts ) f(s™1r)dtds =

s€G/G, teGy

(Let t — s~ 1rtr—ls in the inner integral and set s~1r = a)

@ My [ el | M, [ oatata (k| fa)da

a€G/G1 teGy
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Note that for fixed a, by induction hypothesis the operator in the brackets
of (3) above is trace class operator on H,, and for fixed 15, is tempered in ¢.
Employ [3], Proposition 1.2.8 and for some selection of polynomials {P;}} ,

and at a fixed point y € G; the inner integral of formula (3) equals

My, [ 62 (Pr(a ). Pulast) r(017 @)t | (5) =

teGq
| B wr@es
z€G4
By inductive hypothesis, we may find the integral kernel kg, (z,y) and it may
be chosen Schwartz in y and z.

Recall that for fixed a, Tr(k§, ) is tempered in ¢2 by inductive hypothesis.
By [27], Corollary 1, pg. 43 we know that there exists a seminorm p on G
such and a constant C' such that that |Tr(kg,))| < C - p(43), where ¢35 is
defined as obvious.

Assume that we have multi-indices «, 5 € Z", with a = (aq,..., ),

. . " alel
B =P, By define L= wi - win - S 8oes

and we have for the seminorm p:

p(6")] = sup {| L(¢2 (Pr(a,w),..., Pala,w)))| } << |Q(a),

weER™

by Proposition 1.2.9 of [3] and the n dimensional chain rule, where @ is some
polynomial.

So Tr(kg,) = kg, (y,y)dy grows no faster than polynomial in a, and

fy€G1

kg, grows no faster that polynomial in a.
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For a in a bounded set, ¢o(ata™!) is bounded by a L' function. Let p be
a polarizing subalgebra of g, with respect to the restriction of f to g.. By
Proposition 4 we have:
kg, (r,s) = o (exp(r / o2(B(r)ata™ ﬂ(s)_l)ei'f(log(t))dup(t),

teP

and we may differentiate in @ under the integral sign; infinite differentiability
of k%, in a follows.

Choose an smooth splitting of G into G/G; and G by projections p : G —
G/Gy and q :— Gy,

For our functions ¢1,¢2,%1 and 1, define the integral kernel K of

My, ., (91 - $2) by
K(z,y) = My, (p(y)) - 1 (0@)p(a™)) - K29 (q(2), a(y)).

Integrated against f € H,, this gives us My, .y, 7T(¢1 - ¢2)(f):

W%wﬂ@r¢ﬁﬂ@%#Kﬁ@ﬁ=/lﬂ%wﬂﬂwz

My, 0w) [ o1(plpla DEY (o). aly) () de =

zeG

My, (p(y / / ¢1(p k¢2 (z,q(y)) f(a)(z)dzda.
a€G/G1 z€G1

Note kg, is Schwartz on G, and its integral and the integrals of its derivitives
grow no faster than polynomial in a; henceforth ignore the parameter a.
Note G/G; = R; treat composition on G/G; as addition on R. The
functions ¥; and ¢; are both Schwartz on G/G1, and part of the integral
kernel is My, (p(y))-¢1(p(y)p(z~")). The other part kg, is Schwartz already.
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By Peetre’s Inquality ([14], pg. 10), when ¢ and ¢ are both Schwartz on
R, ¥(y)é(y + a) is Schwartz on R x R.

Similar properties follow for derivitives, and ¥ (y)¢(y + a) is Schwartz on
R2.

Our entire integral kernel is Schwartz, and the operator My, .y, T(¢1 - ¢2)
is trace class by [3] Theorem A.3.9.

The kernel K is clearly tempered in ¢ € S(G/G1); the final result follows

by induction and density arguments. [J

Henceforth assume that Q/G is a Ty space. By Theorem 2.1 [8], (G, ) is

Polish and for any = € ), we have G - = = G/G,.

Definition 21. For any orbit G - z, define
A, = R—span{gb-@b | ¢ € S(G), ¥ € Co(R) and ¥(- 7)|q/q, € S(G/Gw)}.

Theorem 6. Let L = (V, M) be the irreducible representation of C*(G, )
associated to the pair (f,z) € g* x Q. The representation L is trace class on

A..., and for fized 1, is tempered in ¢.
Proof.
Note L(¢) - ¢) = My (- z) - V(¢), and apply Lemma 12 just proven. O

Definition 22. Remember Definition 19, where we defined maps «, 3, ~
of p, g/p, and g (resp.) to G. Assume f € g*, and g, is the Lie algebra

of G, for x € Q. Assume dim(g,) = [. Define a new map 6 : R' — G, by

d(s) =v(s1,-..,5,0).
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Theorem 7. Let L be a representation of C*(G,Q) corresponding to the
functional-point pair (f,x) € g* x Q.

Let p be a polarizing subalgebra of g, with respect to flg,; assume k =
dim(g/p).

Assume L acts on the Hilbert space L*(R¥).

Let O, be the ~1 equivalence class of (f,x) in g* x Q, specifically,
O, =1ly) € g x Q| for some s € G, we have
L= Ad'(s)(f+h). y=s-a, hegt).
Let p,q be the natural projections from O, to g* and €2, respectively. Let
¢ € S(G), Y(- x) € S(G/G,). We have

L) = [ () d:

2€0,

for a particular choice of G-invariant measure dz on O, .
Proof.

We closely mimic the proof of Theorem 4.2.4 on pp. 138-41 of Corwin and
Greenleaf [3].

Assume p has dimension p, so n = dim(g) = p+ k. As G, is fixed, denote
it by S, and its Lie algebra by s.

Give g a weak Malcev basis (again, [3], Theorem 1.1.13, pg. 10) through
p and 5. Assume that L acts on L?(R¥). By Theorem 6, Proposition 4, and
Theorem A.3.9 of [3],
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[ 60 2) [ 6Bs)exp0)3(5) e Oy (¢) g (o)
s€g/p tep

Let 3 be a subspace complementary to p in g; take 3 = R-span of the last
k basis vectors of our Malcev basis through p. We have an additive splitting
H + X € p®j for each element in g.

Let dX, dH be arbitrarily assigned Euclidean measures on 3, p; we have
that dH dX is a Euclidean measure on g, which we use to define the above
integrals.

For ¢ € S(G),let u € R¥ = 3 = g/p, and following [3], middle of pg. 139,
define

Oy (H,X) = ¢(B(u)exp(H + X)B(u) ).

Take the above two displayed equations, and follow the proof of [3] The-
orem 4.2.4, up to formula (20) at the bottom of pg. 140, remembering that
we use right actions.

We get

(4) Te(L( - $)) = / $(B(u) ) / HAQ*(B(u) ™) (f + 1)) df* du.

u€eg/p frept

Split g/p into g/s and s/p. As ((t) -z = z for all ¢t € s/p, formula (4)

above equals

/ B(B(u) - z) / / B(AQ* (B(w)Ad* (B(0))(f + f4))df* dvdu =

u€g/s vEs/p fLept
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(5)
/ B(B(u) - ) / / / S(AQ (B)AL (BW)(f + fit + 1)
u€g/s vEs/p fest firepl/st

dfit dfy dvdu.

Assume that f is nonzero only on s.

Now work with the innermost integral in fi-. If R; is the stabilizer of the
functional f|s, there exists invariant measures dp and d& on P/R; and S/P
such that dpdd is invariant measure on S/Ry.

By Proposition 3.1.18 on pg. 97 [3], Ad*(P)(f) = f +p*/st = (f +
p1)|s. The natural diffeomorphism A : P/Rs +— Ad*(P)(f) = (f +pF)|s is
equivariant and measure preserving on (f + p1)[s. On the other hand, we
may transfer Euclidean measure dfi- on p- /st under the translation map
q, where q(fi") = f + fi-, to a Euclidean measure v = ¢*(dfi") on the affine
space f +pt/st.

Note (Ad*(p)f — f) € pt/st; see again Proposition 3.1.18 on pg. 97 of
3].

For each p € P, define an affine map A(p) from pt/st to itself by
Alp)(fi) = Ad*(p) fi* + (Ad*(p)f — f), and

qo A(p)(fi) = q(Ad*(p)(fi") + (Ad*(p)f — f)) = Ad*(p)(f + fi)-

As the linear part Ad*(p)|,+ /51 of A(p) is unipotent, the operator A(p) pre-

serves dfi-, and Ad*(p) preserves v on the affine space f+p/s+. As Ad*(p)
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is also measure preserving on P/ Ry, under A, v is identified with an invariant
measure on P/Ry, which must be a scalar multiple of dp: (A™1)*v = ¢ - dp.

Hence if ¢ € L'(f + p*/s+), we must have
et = [ e =e [ vad @)
fitept/st fref+pt/st PEP/Ry

Consequently, formula (4) above equals

[ v [ e f

u€g/s vEs/p frest  mep/ry
S (A" (B(w))Ad* (5(v))(Ad* (a(m)) f + f7))

dmdfs dvdu =

(by Haar measure, move the Ad*(a(m)) to include f5-)

e [ i) o)

u€g/s

/ / / ¢(Ad* (B(u)Ad*(3(v))(Ad* (a(m))(f + f5)))
vEs/p fest mep/ry

dmdfs dvdu =

(combining v and m into a single variable y)

. / b(B(u) - 2) / / (A (B(w)Ad*(5(9))(f + f2))dy df du.

u€g/s fiestyes/r,
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This is our orbital integral. [

Dean Moore
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